Abstract. Given a pants decomposition PC = {γ 1 , . . . , γ ξ } on a hyperbolizable surface Σ and a vector c = (c 1 , . . . , c ξ ) ∈ R ξ + , we describe a plumbing construction which endows Σ with a complex projective structure for which the associated holonomy representation ρ is quasiFuchsian and for which ρ(γi) = c i . When c −→ 0 = (0, . . . , 0) this construction limits to Kra's plumbing construction. In addition, when Σ = Σ 1,1 , the holonomy representations of these structures belong to the 'linear slice' of quasi-Fuchsian space QF (Σ) defined by Komori and Parkonnen. We discuss some conjectures for these slices suggested by the pictures we created in joint work with Yamashita.
Introduction
Given a closed orientable surface Σ of genus g ≥ 2, the space AH(Σ) of hyperbolic 3-manifolds homotopy equivalent to Σ × [0, 1] can be naturally identified with the space of discrete and faithful representations from the surface group π 1 (Σ) into PSL(2, C). While the interior of AH(Σ) has been well-understood since the 1970s and consists of quasi-Fuchsian (or convex-cocompact) representations, the topology of AH(Σ) is much less well-behaved. In fact, it is not even locally connected [Bro11; Mag09] . Understanding the topology of AH(Σ) is quite difficult, so one can focus on some of its slice. In order to study these slices we need to define 'good' coordinates for these deformation spaces, such as the ones provided by plumbing constructions. Plumbing constructions have been introduced in the 70's in order to describe holomorphic coordinates for moduli space of hyperbolizable surfaces which are intrinsic and which can be extended at infinity. Among these constructions, two of the most famous constructions are due to Kra [Kra90] and Earle and Marden [EM10] and are associated to two well-known slices of important slices of AH(Σ): the Maskit slice and the Bers slice, respectively.
The construction discussed in this article is inspired by Kra's construction. The idea of Kra's plumbing construction is the following. Let Σ be a closed orientable hyperbolizable surface and let PC = {σ 1 , . . . , σ ξ } be a pants decomposition of Σ. Kra's plumbing construction describes a complex projective structure on Σ as follows. Identify each pair of pants with a thrice punctured sphere, truncate the pairs of pants along a horosphere and glue, or "plumb", the truncated pairs of pants along annuli homotopic to the punctures. The gluing across the i-th pants curve is defined by parameters µ i ∈ C which correspond to 'horocyclic coordinates' in punctured disk neighbourhoods of the two punctures. The holonomy representation ρ : π 1 (Σ) −→ PSL(2, C) associated with the above complex projective structure depends holomorphically on the µ i , and, by construction, the images of the pants curves are parabolic elements. In joint work with Series [MS10] we study a different and slightly simpler description of Kra's plumbing construction which respects the twisting around the puncture. This allows us to define coordinates in a particular slice of AH(Σ). Given an element γ ∈ π 1 (Σ) associated to a simple closed curve of Σ, the trace of ρ(γ) is a polynomial in the µ i , and the main result of [MS10] is a relationship between the coefficients of the top terms of that polynomial and the Dehn-Thurston coordinates of γ relative to PC. If the developing map associated with the projective structure is an embedding, then the associated hyperbolic 3-manifold H 3 /ρ(π 1 (Σ)) lies on the Maskit slice M = M(Σ), the space of geometrically finite groups on the boundary of quasi-Fuchsian space QF(Σ) for which the 'bottom' end consists of triply punctured spheres obtained from Σ by pinching the pants curves in PC. In [Mal12] using results from [MS10] and a careful analysis of the geometry of the convex core of the associated manifolds, we describe the asymptotic direction of pleating rays in M supported on multicurves. (Recall that given a projective measured lamination [η] on Σ, the pleating ray P = P η is the set of representations in M for which the bending measure of the top component of the boundary of the convex core of the associated 3-manifold is in [η] ∈ PML(Σ).)
In this article, we define a more general plumbing construction, called the c-plumbing construction, where c = (c 1 , . . . , c ξ ) ∈ (R >0 )
ξ . The idea is the following. Let PC = {σ 1 , . . . , σ ξ } be a pants decomposition of a hyperbolizable surface Σ = Σ g,b of genus g and b punctures and with complexity ξ = 3g − 3 + b > 0. Identify each pair of pants with a three-holed sphere so that the length of the boundary components corresponding to σ i is 2c i for each i = 1, . . . , ξ. Then truncate these pairs of pants by cutting along annuli parallel to the boundary components and 'plumb' adjacent pants along annuli parallel to the boundary components. The gluing is defined by complex parameters µ i ∈ C [0,π) = {z ∈ C | Imz ∈ [0, π)}. This defines a complex projective structure on Σ with holonomy representation ρ c,µ : π 1 (Σ) −→ PSL(2, C) and developing map (and µ i > 0 for all i = 1, . . . , ξ), then the complex structures Σ(c, µ) defined by the c-gluing construction with parameter µ limits to the complex projective structure Σ(µ) defined by the gluing construction (of [MS10] ) with parameter µ = (µ 1 , . . . , µ ξ ) ∈ H ξ .
When the developing map Dev c,µ is an embedding, we prove that the holonomy representation ρ c,µ lies in the quasi-Fuchsian space and the length of the pants curves σ i is 2c i . In particular, when Σ = Σ 1,1 is a once-punctured torus (and PC = {σ} and c > 0), the representation ρ c,µ lies in the linear slice L c (Σ 1,1 ) of the quasi-Fuchsian space QF(Σ 1,1 ) as defined by Komori and Parkonnen [KP07] :
L c (Σ 1,1 ) = {τ ∈ C/2πiZ | (c, τ ) ∈ FN C (QF(Σ 1,1 ))}, where FN C : QF(Σ 1,1 −→ C + /2πiZ×C/2πiZ is the (complex) Fenchel-Nielsen parametrization of QF(Σ 1,1 ). This slice has a connected component, the Bers-Maskit slice BM c (Σ), containing the Fuchsian locus τ ∈ R ∩ L c , and its points correspond to quasi-Fuchsian manifolds whose convex core is bent along σ. See also McMullen [McM98] . Komori and Yamashita [KY12] proved that there exist two real constants 0 < C 0 < C 1 such that, for any 0 < c < C 0 , the linear slice coincides with the Bers-Maskit slice, while, for all c > C 1 , the linear slice has many connected components. Together with Yamashita, we wrote a computer program which draws the slices L c (Σ 1,1 ) for different values of the parameter c, see Figure 5 and 7. In Section 5.2 we describe our ideas about how to define the slice for a general hyperbolizable surface Σ and how to generalise some of the results about its connected components. For example, among many questions and conjectures that Figure 5 and 7 suggest, we want to underline the following conjecture. (Remember that the the total Maskit slice M tot (Σ) is the space of geometrically finite groups on the boundary of quasiFuchsian space QF(Σ) for which one end is homeomorphic to Σ, while the other end consists of triply punctured spheres obtained by piching all the the pants curves in the pants decomposition PC.)
Conjecture (Conjecture 5.6). Given a hyperbolizable surface Σ together with a pants decomposition PC and two positive numbers c 1 , c 2 ∈ R + , we have the following:
(
We hope to explore further these slices in a future paper. 
Background material
2.1. Curves on surfaces. Suppose Σ is a surface of finite type, let S 0 = S 0 (Σ) denote the set of free homotopy classes of connected closed simple non-trivial non-peripheral curves on Σ. Let S = S(Σ) be the set of free homotopy classes of multicurves on Σ, where a multicurve is a finite unions of disjoint simple closed curves in S 0 . The geometric intersection number i(α, α ) between multicurves α, α ∈ S is defined by
Given a surface Σ = Σ g,b of finite type (with genus g and b punctures) and negative Euler characteristic ξ(Σ), choose a maximal set PC = {σ 1 , . . . , σ ξ } of homotopically distinct curves in Σ called pants curves, where ξ = ξ(Σ) = 3g − 3 + b is the complexity of the surface. These curves split the surface into k = 2g − 2 + b = −χ(Σ) three-holed spheres P 1 , . . . , P k , called pairs of pants. (Note that the boundary of P i may include punctures of Σ.) We refer to both the set P = {P 1 , . . . , P k } and the set PC as pants decompositions of Σ. Any hyperbolic pair of pants P is made by gluing two (maybe degenarate) right angled hexagons along three alternate edges which we call its seams. We will consider dual curves D i to the pants curves σ i ∈ PC, that is, curves which intersect σ i minimally and such that i(D i , σ j ) = 0 for all j = i.
2.1.1. Fenchel-Nielsen twist deformation. Our convention is always to consider twists to the right as positive. In particular, given a surface Σ, a curve σ ∈ S 0 and t ∈ R, the distance t (right) Fenchel-Nielsen twist deformation around σ is the homeomorphism T w σ,t : Σ −→ Σ defined in the following way. Let A = A(σ) = σ × [0, 1] be a (small) embedded annulus around σ. If we parameterise σ as s → σ(s) ∈ Σ for s ∈ [0, 1), then the distance t twist, denoted T w σ,t : Σ −→ Σ, maps A to itself by (σ(s), θ) → (σ(s + θt), θ) and is the identity elsewhere. This definition extends to multicurves σ ∈ S by considering disjoint annuli around the curves in σ.
2.1.2. Marking and marking decomposition. A marking on Σ is the specification of a fixed base (topological) surface Σ 0 , together with a homeomorphism f : Σ 0 −→ Σ.
There is a related notion of marking decomposition. Given the pants decomposition P, we can fix a marking decomposition on Σ in two equivalent ways, see [Mal13] :
(a) an involution: an orientation-reversing map R : Σ −→ Σ so that for each i = 1, . . . , ξ we have R(
is separating and i(D i , σ i ) = 1 otherwise). A marking decomposition decomposes each pair of pants into two (possibly degenerate) hexagons.
2.2. Measured laminations. Given a surface Σ endowed with an hyperbolic structure, a geodesic lamination η on Σ is a closed set of pairwise disjoint complete simple geodesics on Σ called its leaves. A transverse measure on η is an assignment of a measure to each arc transverse to the leaves of η that is invariant under the push forward maps along the leaves of η. A measured geodesic lamination on Σ is a geodesic lamination together with a transverse measure. We define the space of measured laminations ML(Σ) to be the space of all homotopy classes of measured geodesic laminations on Σ with compact support. These definitions don't depend on the hyperbolic structure chosen, but only on the topology of Σ; see, for example, [PH92] . Multiplying the transverse measure on a geodesic lamination by a positive constant gives an action of R + on ML(Σ). We can therefore define the set of projective measured (geodesic) laminations PML(Σ) on Σ as the quotient PML(Σ) = (ML(Σ) \ 0)/R + , where 0 is the empty lamination.
2.3. Complex projective structure. A (complex) projective structure on a surface Σ is a (PSL(2, C),Ĉ)-structure on Σ, consisting of a (maximal) open covering {U i : i ∈ I} of Σ, homeomorphisms Φ i :
are the restriction of some g ∈ PSL(2, C). We can define the space of marked (complex) projective structure P(Σ) as the set of equivalence classes [(f, Z)] of pairs (f, Z), where Z is a (complex) projective structure on Σ and f : int(Σ) −→ Z is an orientation preserving homeomorphism. Two pairs (f 1 , Z 1 ) and (f 2 , Z 2 ) are equivalent in P(Σ) if there is an orientation-preserving diffeomorphism g :
2.3.1. Developing map and (groupoid) holonomy representation. To every complex projective structure (and, more generally, to any (G, X)-structure) on a surface Σ, we can associate a pair (Dev, ρ), where:
• ρ is a homomorphism ρ : π 1 (Σ) −→ PSL(2, C), called the holonomy representation;
• Dev is an immersion Dev : Σ −→Ĉ from the universal covering spaceΣ of Σ to the Riemann sphereĈ, called the developing map, equivariant with respect to ρ and such that the restriction of f to any sufficiently small open set in Σ is a projective chart for Z.
A projective structure on Σ lifts to a projective structure on the universal cover Σ. Then, a developing map can be constructed by analytic continuation starting from any base point x 0 inΣ and any chart defined on a neighbourhood U of x 0 . Another chart (defined on U ) that overlaps U can be modified by a Möbius transformation so that it agrees on the overlap, in such a way that we can define a map from U ∪U toĈ. Continuing with this method one defines a map on successively larger subsets ofΣ. The fact that Σ is simply connected is essential because nontrivial homotopy classes of loops in the surface create obstructions to this process. The holonomy representation ρ : π 1 (Σ) −→ PSL(2, C) is described as follows. A path γ in Σ passes through an ordered chain of simply connected open sets U 0 , . . . , U n such that U i ∩ U i+1 is connected and non-empty for every i = 0, . . . , n − 1. This defines the overlap maps R i = Φ i • Φ −1 i+1 for i = 0, . . . , n − 1. The sets V i and R i (V i+1 ) overlap inĈ and hence the developing image of γ inĈ passes through, in order, the sets
Then, by definition, the holonomy of the homotopy class [γ] is ρ([γ]) = R 0 · · · R n−1 ∈ PSL(2, C). The group PSL(2, C) acts on the sets of pairs (Dev, ρ) in the following way: given A ∈ PSL(2, C), then we have
2.3.2. Topology on P(Σ). We give P(Σ) the topology induced by uniform convergence of charts, or, equivalently, the quotient topology induced by the compact-open topology on the set of pairs (Dev, ρ). This topology is also equivalent to the locally uniform convergence of the developing maps. The space P(Σ) is a finite-dimensional complex manifold, diffeomorphic to a ball in R 4ξ , where ξ = ξ(Σ g,b ) = 3g − 3 + b is the complexity of the surface, see Dumas [Dum09] .
2.4.
Teichmüller space and quasi-Fuchsian space. Given an oriented surface Σ of negative Euler characteristic, the Teichmüller space T (Σ) is the space of marked complex structures on Σ. Using the Uniformisation Theorem, the Teichmüller space can also be defined as the space of marked complete finite area hyperbolic structure on Σ.
A Fuchsian group is a discrete subgroup of PSL(2, R), while a Kleinian group G is a discrete subgroup of PSL(2, C). A Kleinian group G acts by isometries on H 3 and by conformal automorphisms on the sphere at infinityĈ = C ∪ {∞}. While the action of G on H 3 is properly discontinuous, there are accumulation points onĈ. The limit set Λ(G) is the closure of the set of accummulation points for the action of G on H 3 (orĈ). The domain of discontinuity Ω(G) of G is the setĈ \ G and is the biggest domain of discontinuity for the action of G. Fuchsian groups are Kleinian groups. Another example of Kleinian groups are quasi-Fuchsian groups, which are Kleinian group such that the limit set Λ(G) is a topological circle. If G π 1 (Σ) is quasi-Fuchsian, then the associated 3-manifold M G = H 3 /G is homeomorphic to Σ×(−1, 1), and Ω(G) has exactly two simply connected G-invariant components Ω ± such that the "complex structures at infinity" Ω ± /G are homeomorphic to Σ. The space of marked groups G π 1 (Σ) such that G is Fuchsian (up to conjugation) is called Fuchsian space F(Σ), while the space of marked groups G π 1 (Σ) such that G is quasi-Fuchsian (up to conjugation) is called quasi-Fuchsian space QF(Σ). The Teichmüller space T (Σ) can be identified with the Fuchsian space F(Σ), while Bers' Simultaneous Uniformization Theorem says that QF(Σ) can be parametrized by the pair of complex structures at infinity. 2.5. Three manifolds and pleating rays. Let M be a hyperbolic 3-manifold. An important subset of M is its convex core C M = C, that is the smallest, non-empty, closed, convex subset of M such that the inclusion of C M into M is a homotopy equivalence. Thurston proved that, if M is geometrically finite, then there is a natural homeomorphism between the components of ∂C M and the components of Ω/G. Thurston proved that each such component F is a (locally convex) embedded pleated surface, that is, it is a hyperbolic surface which is totally geodesic almost everywhere and such that the locus of points where it fails to be totally geodesic is a geodesic lamination, called bending (or pleated) lamination. Since the pleated surface is locally convex, the lamination carries a natural transverse measure, called the bending measure (or pleating measure), see [EM87] .
2.6. Fenchel-Nielsen coordinates for F(Σ) and QF(Σ). The Fenchel-Nielsen maps FN R and FN C provide a parametrization of the Fuchsian space F(Σ) and of the quasi-Fuchsian space QF(Σ), respectively. They are defined with respect to a marking decomposition (PC, D) of Σ consisting of a pants decomposition PC = {σ 1 , . . . , σ ξ } and a marking decomposition D = {D 1 , . . . , D ξ }.
For the map FN R , there are two types of coordinates:
• the length parameters l i ∈ R + , which measure the length of the pants curves
is the length of the curve σ i in the hyperbolic surface H 2 /G. • the twist parameters t i ∈ R which measure the relative positions along σ i ∈ PC in which the pants P and P (adjacent to σ i and not necessarily distinct) are glued to form H 2 /G.
The choice of the marking (PC, D) on Σ lets us distinguish the effects of the Dehn twists about the pants curves σ i . Fenchel-Nielsen theorem states that the map
is a real analytic bijection. We define the length parameters as half-lengths li 2 to be consistent with the definition of the complex Fenchel-Nielsen coordinates below.
Tan [Tan94] and Kourouniotis [Kou94] showed that the Fenchel-Nielsen parametrization can be extended to the quasi-Fuchsian space by 'complexifying' the parameters. In particular they replaced the length coordinates l i with the complex (translation) length coordinates λ i of the element S i representing the curve σ i , defined by the formula Tr(S i ) = 2 cosh λi 2 and chosen so that λ i > 0. From the periodicity of cosh, we have that
There is an ambiguity of sign which depends on whether one chooses the half-length as λi 2 or λi 2 +iπ, so one needs to specify the (complex) half-lengths λi 2 , rather than the (complex) lengths λ i . The complex twist parameter τ i describes how to glue together two neighbouring pants. With suitable conventions, it is the signed complex distance between the oriented common perpendiculars to lifts of appropriate boundary curves in the two pairs of pants, measured along their oriented common axis.
Tan [Tan94] and Kourouniotis [Kou94] proved that the map
is a holomorphic embedding. This map, when restricted to F(Σ), coincides with the map FN R defined above, see Theorem 1 of Tan [Tan94] .
The c-gluing construction
In this section we are going to describe the c-gluing construction. Let Σ = Σ g,b be an hyperbolizable orientable surface of genus g and with b punctures and let ξ = ξ(Σ) = 3g−3+b be its complexity. Given a pants decomposition PC = {σ 1 , . . . , σ ξ } on Σ and a vector c = (c 1 , . . . , c ξ ) ∈ R ξ + , the c-gluing construction defines a complex projective structure on Σ so that the holonomies of all the loops σ j ∈ PC are hyperbolic elements of PSL(2, C) with translation length 2c j . The idea is based on the gluing construction that the author and Series described in [MS10] by reinterpreting Kra's plumbing construction [Kra90] . More precisely, first we fix an identification of the interior of each pair of pants P i to a standard three-holed sphere endowed with the projective structure coming from the unique hyperbolic metric on a three holed sphere with fixed boundary lengths (defined by c). Then, we glue, or "plumb", adjacent pants by deleting open neighbourhoods of the two ends in question and gluing the two pairs of pants along horocyclic annular collars around the two boundary curves. The gluing across the i-th pants curve is defined by a parameter µ j ∈ C [0,π) = {z ∈ C | Im(z) ∈ [0, π)} for j = 1, . . . , ξ. This defines a complex projective structure with developing map Dev c,µ : Σ −→ CP 1 and holonomy ρ c,µ : π 1 (Σ) −→ PSL(2, C),
We refer to this 'new' gluing construction as the c-gluing construction.
Our construction is similar to the construction described in [Kra90; MS10], but we replaced the thrice-punctured sphere with three-holed sphere. As one might expect, when c tends to
, where λ is the geodesic between Axis(A +1 ) and Axis(A +2 ). 0 = (0, . . . , 0), this generalised construction limits to the gluing construction defined in [MS10] , as we will prove in Section 4.2. (The convention of using bold letters will be more clear in that section, when we will take limits as c −→ 0.) 3.1. The standard three-holed sphere. The first step for describing the gluing is to define the structure on the 'standard' pairs of pants. Any three holed sphere whose boundary components have length 2c 1 , 2c 2 and 2c 3 , where c i ∈ R ≥0 , is isometric to a standard pair of pants P(c 1 , c 2 , c 3 ), which can be defined as
where
and
and ν 1 , ν 2 > 0. In this section we describe the calculations when c i > 0 and the other cases are discussed in Appendix A.
The fixed points of the elements A ∞ , A 0 and A 1 are the following:
2 ), coth( [PP98] regarding the choice of the conjugation class. The choice of the normalisation is done so that there exists a limit when c −→ 0. In fact, in order for the limit to exist, we need to choose well the conjugation class for the subgroup of PSL(2, C). In Appendix A we explain in more details this choice, and the calculations in the case that one or more of the boundary components have length zero (which is necessary to do if Σ has punctures). The discussion below can be generalized to these cases as well.
Let's fix a standard fundamental set ∆ for the action of Γ(c 1 , c 2 , c 3 ) on H = H 2 :
where: , c 2 , c 3 ) be the natural quotient map.
The axes Axis(A ∞ ), Axis(A 0 ), Axis(A 1 ) and Axis(A 0 A ∞ ) projects under π to the three closed boundary geodesics in P(c 1 , c 2 , c 3 ), while the images of the geodesics
under π correspond to the seams of P(c 1 , c 2 , c 3 ) which intersect the boundary geodesics orthogonally. These seams split P(c 1 , c 2 , c 3 ) into two (infinite area) 'hexagons', which correspond to the subsets ∆ 0 and ∆ 1 defined by
, where H ≤0 = {z ∈ H | z ≤ 0}. We will refer to ∆ 0 and ∆ 1 as the white and the black regions, respectively.
3.2. The c-gluing. Fix c ∈ R ξ >0 . The pants decomposition PC determines the set P = {P 1 , . . . , P k } of pairs of pants of Σ = Σ g,b , where k = −χ(Σ) = 2g − 2 + b. Any pair of pants P j has three boundary components σ i1 , σ i2 and σ i3 which could be pants curves in PC or punctures of Σ. If σ i k ∈ PC, let c i k be the positive real number fixed by c, while if σ i k corresponds to a puncture of Σ, let c i k = 0.
For every P j ∈ P with boundary components σ i1 , σ i2 and σ i3 , fix an homeomorphism
from the interior of the pair of pants P j to the standard pair of pants P = P(c i1 , c i2 , c i3 ). This identifications induce a labelling of the three boundary components of P j as ∂ 0 P j , ∂ 1 P j , ∂ ∞ P j in some order, fixed from now on, and a coloring of the two regions whose union is P j , one being 'white' and one being 'black'. We denote the geodesic boundary curves of P(c i1 , c i2 , c i3 ) of length 2c i1 , 2c i2 and 2c i3 , respectively, as ∂ ∞ P, ∂ 0 P and ∂ 1 P. Suppose that the pairs of pants P and P in P are adjacent along the pants curve σ = σ i1 (of length c i1 ) corresponding to the boundaries ∂ P and ∂ P . (If P = P then clearly = .) The gluing across σ is described by a complex
We first describe the gluing in the case = = ∞. Let P = P(c i1 , c i2 , c i3 ) and P = P(c i1 , c i4 , c i5 ), where c ij are determined as described above. We refer to the copy of H associated to P as H . We define the projections
Arrange the pairs of pants with P on the left as shown in Figure 2. (Note that the figure describes the more general case = 1 and = 0.) In Figure 2 the top two arrows corresponds to the maps
Recall that, given a geodesic γ in H, an hypercycle around γ consists of the points at constant distance from γ. For example, if γ is the geodesic between 0 and +∞, then the hypercycles around γ are defined by {z ∈ H| Arg(z) = π 2 − θ},
2 ) is fixed. On the other hand, if γ is the geodesic between −r and r (with r ∈ R + ), then the hypercycles around γ are defined by
Figure 2. The gluing construction when = 1 and = 0.
π 2 ) and r = coth(
will be more clear after the discussion in Section 4. For ν > 0, the region
around h ∞ = π(h ∞ ) (and parallel to ∂ ∞ P). The outer boundary ∂ + (A ∞ ) of A ∞ bounds a closed infinite area annulus on P. Let S be the surface obtained by removing this closed infinite area annulus from P. , c i4 , c i5 ) and S in a similar way.
We are going to glue the truncated surfaces S to S by matching A ∞ to A ∞ in such a way that h ∞ is identified to h ∞ , ∂ + (A ∞ ) is identified with ∂ − (A ∞ ) and ∂ − (A ∞ ) is identified with ∂ + (A ∞ ), see Figures 2. The resulting homotopy class of the loop h ∞ on the glued up surface (the quotient of the disjoint union of the surfaces S and S by the gluing map mentioned above) will be in the homotopy class of σ. To keep track of the marking on Σ, we do the gluing at the level of the Z-covers of A ∞ and A ∞ corresponding to H ∞ and H ∞ , that is, we actually glue the strips H ∞ and H ∞ . We will explain the details of this construction in Sections 3.3 and 3.4.
As shown in Figure 2 , we first need to reverse the direction in one of the two strips H ∞ , H ∞ . Set
2 ) 0 and
We reverse the direction in H ∞ by applying the map J(z)
Now we discuss the general case in which P and P meet along the boundary components ∂ (P ) and ∂ (P ), where , ∈ {0, 1, ∞}. As above, let ∆ 0 = ∆ 0 (c i1 , c i2 , c i3 ) ⊂ H + be the white 'hexagon' of ∆(c i1 , c i2 , c i3 ). Notice that there is a unique orientation preserving map , c i2 , c i3 ) . Similarly, let Ω 1 = Ω 1 (c i1 , c i2 , c i3 ) ∈ PSL(2, C) be the unique orientation preserving transformation such that
and such that Axis (A 1 (c i2 , c i3 , c i1 ) ) in ∆(c i2 , c i3 , c i1 ) is mapped to Axis (A ∞ (c i1 , c i2 , c i3 )) in ∆(c i1 , c i2 , c i3 ). To do the gluing, first move ∂ P(c i3 , c i1 , c i2 ) to ∂ ∞ P(c i1 , c i2 , c i3 ) and ∂ P (c i5 , c i1 , c i4 ) to ∂ ∞ P (c i1 , c i4 , c i5 ) using the maps Ω and Ω , respectively, and then proceed as before. Let (2)
Let also h and A be the projections (under π) to P(c i1 , c i2 , c i3 ) of the set h ,H and H , respectively. Thus the gluing identifies z ∈ H to z ∈ H by the formula
see Figure 2 . Finally, we carry out the above construction for each pants curve σ i ∈ PC using gluing param-
ξ . To do this, we need to ensure that the annuli H 0 , H 1 and H ∞ corresponding to the three different boundary components of a given pair of pants P j are disjoint. (Note that this is similar to the gluing construction of [MS10] where we needed to ask that the three horocycles were disjoint.) Under this condition we can choose ν > 0 so that H 0 , H 1 and H ∞ are disjoint in ∆(c i1 , c i2 , c i3 ), as required. We define S(c, µ) := S 1 . . . S k / ∼ to be the quotient of the disjoint union of the truncated surfaces S j ⊂ P(c i1 , c i2 , c i3 ) defined above by the equivalence relation ∼ given by the attaching map along the annuli A (σ i ) around each pants curve σ i . Note that S(c, µ) is homeomorphic to Σ.
As explained in details in the next section, this process defines a complex projective structure Σ(c, µ) on S(c, µ) ∼ = Σ.
3.3. Projective structure. The c-gluing construction described in the previous section defines a marked complex projective structure on S(c, µ) (and hence on Σ, since S(c, µ) is homeomorphic to Σ). We describe the projective structure in this section and we discuss the marking in Section 3.4. The idea is the following. First, we define a complex projective structure on each truncated surface S j = S j (c, µ) ⊂ P j = Φ j (Int(P j )), where j = 1, . . . , k, and then, we describe why the attaching maps allow us to define a complex projective structure on the quotient S(c, µ) = S 1 . . . S k / ∼.
We recall some basic facts about complex projective structures that we will need later. See, for example, Dumas [Dum09] for more details.
(1) Let Σ ⊂ Σ be an open subset and let Z be a complex projective structure on Σ, then the restriction of Z to Σ defines a complex projective structure on Σ . (2) A Fuchsian group Γ ⊂ PSL(2, R) defines a projective structure on the quotient surface H/Γ.
These facts explain how to define a complex projective structure on each S j ⊂ P j = H/Γ j for j = 1, . . . , k, where Γ j = Γ(c i1 , c i2 , c i3 ). If σ i = ∂ P j ∩ ∂ P j , we discuss the gluing of S = S j and S = S j along the annuli A = A (σ i ) ⊂ S and A = A (σ i ) ⊂ S , that is we describe the complex projective structure on S S / ∼, where the equivalence relation ∼ is given by the attaching maps along the annuli A and A .
Recall that there are strips
With abuse of notation let's denote π π : (H H / ∼) −→ (A A / ∼).

We can see that π
Using the first fact above, we can see that there are natural complex projective structures on H and H , respectively, where the charts are the inclusion maps i. We define a complex projective structure on H H / ∼ as follows. Let V = {V i } be a covering of H H / ∼, we define two sets of charts on V: the charts
The transition maps are given by
for every V ∈ V. This defines a complex projective structure on H H / ∼ which descends to a complex projective structure on A A / ∼ (see the second fact above). This defines a complex projective structure on S S / ∼. Carrying out the above construction for each pants curve σ i ∈ PC and considering the unique maximal atlas in the equivalence class of this atlas, we can define a complex projective structure on the quotient (S 1 . . . S k )/ ∼, which we denote by Σ(c, µ). As described in Section 2.3, we can consider the developing map Dev c,µ : Σ −→Ĉ and the holonomy representation ρ c,µ : π 1 (Σ) −→ PSL(2, C) associated to this complex projective structure. Both these maps are well defined up to the action of PSL(2, C) and Dev c,µ is equivariant with respect to ρ c,µ . As a consequence of the construction, we note the following fact.
Lemma 3.1. If γ ∈ π 1 (Σ) is a loop homotopic to a pants curve σ i ∈ PC, then ρ c,µ (γ) is hyperbolic with translation length 2c i .
The marking.
To complete the description of the marked complex projective structure, we have to specify a marking on Σ(c, µ), that is, a homeomorphism f c,µ : Σ −→ Σ(c, µ) from a fixed topological surface Σ to the surface Σ(c, µ). Endow Σ with a marking decomposition, that is, a pants decomposition PC = {σ 1 , . . . , σ ξ } and a set of dual curves {D 1 , . . . , D ξ } as described in Section 2.1.2. We first describe this marking for the particular case Σ(c, µ 0 ), where µ 0 = (µ (c i1 , c i2 , c i3 ) ), where is in the cyclically ordered set {0, 1, ∞}, see Figure 1 . The lines λ (c i1 , c i2 , c i3 ) project to the seams of P = P(c i1 , c i2 , c i3 ). We call the geodesics λ 0 (from Axis(A 1 ) to Axis(A ∞ )) and λ 1 (from Axis(A ∞ ) to Axis(A 0 )) the incoming and the outgoing geodesic, respectively, and refer to their images under the maps Ω in a similar way. For µ ∈ C/2iπ, let X ∞ (µ) and Y ∞ (µ) be the points at which the incoming line λ 0 and the outgoing line λ 1 meet the hypercycle h ∞,H (c i1 , c i2 , c i3 ) in H. Also define
Now pick a pants curve σ and let P, P ∈ P be its adjacent pants in Σ to be glued across boundaries ∂ P and ∂ P . Let X ∞ (P, µ) and X ∞ (P , µ) be the points in P = P(c i1 , c i2 , c i3 ) corresponding to X ∞ (µ) under the identifications (π| ∆ )
and (π | ∆ ) −1 of ∆ and ∆ with P. Define similarly the points:
, and -X 1 (P, µ), X 1 (P , µ), Y 1 (P, µ), Y 1 (P , µ) ∈ P(c i2 , c i3 , c i1 ). The base structure Σ(c, µ 0 ) is the one in which the identification (3) matches the point X (P, µ) on the incoming line across ∂ P to the point Y (P ) on the outgoing line to ∂ P . Referring to the gluing equation (3) and to Figure 2 , we see that this condition is fulfilled precisely when µ i = −c i . We define the structure on Σ by specifying µ i = −c i for i = 1, . . . , ξ. This explains our choice for µ 0 . The imaginary part of µ i is unimportant for the above condition to be true. Now observe that the map J of H induces an orientation-reversing isometry of P(c i1 , c i2 , c i3 ) which fixes its seams; with the gluing matching the seams, as above, this extends, in an obvious way, to an orientation-reversing involution of Σ. Following Section 2.1.2, this specification is equivalent to a specification of a marking decomposition on Σ. This gives us a way to define the marking f c,µ 0 : Σ −→ Σ(c, µ 0 ). Finally, we define a marking on the surface Σ(c, µ). After applying a suitable stretching to each pants in order to adjust the lengths of the boundary curves, we can map Σ(c, µ 0 ) −→ Σ(c, µ) using a map which is the Fenchel-Nielsen twist T w σi ( µ i +c i ) on an annulus around σ i ∈ PC, i = 1, . . . , ξ and the identity elsewhere, see Section 2.1.1 for the definition of T w σ,t . This gives a well defined homotopy class of homeomorphisms f c,µ : Σ −→ Σ(c, µ). The stretch map used above depends on µ i .
As before, with this description, it is easy to see that µ i corresponds to twisting about σ i ; in particular, µ i → µ i + 2c i is a full right Dehn twist about σ i . The imaginary part µ i corresponds to vertical translation and has the effect of scaling the lengths of the σ i in the complex projective structure.
3.5. Relation with the c-plumbing construction. The gluing construction described by the author and Series [MS10] was essentially the same as Kra's plumbing construction [Kra90] . One advantage of our construction, in addition to providing simpler formulas, is that it respects the twisting around the punctures. In this section we want to compare the c-plumbing construction defined by Parker and Parkonnen [PP98] with the c-gluing construction described above. The advantages of the second description mentioned above remain.
Let's fix a marking decomposition (PC, D) of Σ which consists of a pants decomposition PC = {σ 1 , . . . , σ ξ } and a set of dual curves D = {D 1 , . . . , D ξ }. If σ i k is a pants curve, let c i k be the positive real number given by c ∈ R ξ + ; if σ i k is an element of ∂Σ, let c i k = 0. Every pair of pants P ∈ P has three boundary components σ i1 , σ i2 and σ i3 which could be pants curves in PC or punctures in ∂Σ. We can identify P with the 'standard' pair of pants P = P(c i1 , c i2 , c i3 ) = H/Γ(c i1 , c i2 , c i3 ) described in Section 3.1.
Suppose that the pairs of pants P, P ∈ P are adjacent along the pants curve σ = σ i of length l = 2c i = c > 0. Let Φ : Int(P ) −→ P = P(c, c i2 , c i3 ) and Φ : Int(P ) −→ P = P(c, c i4 , c i5 ) be the identification maps described in Section 3.2. Suppose ∂ ∞ P and ∂ ∞ P are the boundary components corresponding to σ. Let D be the curve dual to σ and let with its hyperbolic metric of constant curvature −1. The curve {z ∈ C : |z| = e − π 2 2c } is the unique geodesic in A c for this metric and has length 2c.
Let U ⊂ P and U ⊂ P be annular neighbourhoods of the ends of P and P , respectively, corresponding to the boundary ∂ ∞ P and ∂ ∞ P . We define local coordinateŝ
by requiring that the mapsẑ andẑ are isometries and that the segments D ∩ U and D ∩ U are mapped into A c ∩ R. (If D ∩ U and D ∩ U are connected, we require them to be mapped into A c ∩ R + .) These conditions uniquely define the mapsẑ andẑ .
Assume there are annuli A ⊂ U and A ⊂ U and assume there is a holomorphic homeomorphism f : A −→ A which maps the outer boundary of A to the inner boundary of A and so that, for some complex parameter t ∈ C, we havê
(Usually, this relationship is writtenẑẑ = t, but we have changed the notation since it will make the future results easier to state.)
The outer boundaries of A and A bound annuli on P and P . Remove these (closed) annuli to form two new Riemann surfaces P trunc and P trunc , and define an equivalence relation on it by setting, for all x ∈ P trunc , y ∈ P trunc :
where t ∈ C. Let X t = P trunc P trunc / ∼. We say that X t was obtained from P and P by the c-plumbing construction with plumbing parameter t = t i . Repeating this construction for all the pants curves in PC, we can describe the c-plumbing construction with plumbing parameters t = (t 1 , . . . , t ξ ) ∈ (C) ξ .
Remark 3.2. Note that we can generalize this construction to the case that some parameters c i are zeroes. When c = 0, the annulus A c becomes the punctured disk D * = D − {0} and the surface which is created has a puncture homotopic to σ. In that case, we define groups on the boundary of the quasi-Fuchsian space, and no longer in its interior. Kra's plumbing construction is obtained with a similar method, but using punctured disks D * , that is, we can consider it to be 'associated' to the parameter c = 0 = (0, . . . , 0).
In Section 3.1, supposing that we are gluing ∂ ∞ (P ) to ∂ ∞ (P ), we described local coordinates z : U −→ A and z : U −→ A, ∞ . The region A is a fundamental region for the action of the matrix A ∞ on H. In addition, if µ ∈ C π is the gluing parameter, we describe the gluing between x ∈ A and y ∈ A as:
The parameters z, z andẑ,ẑ are related by the following result.
Proposition 3.3. The c-gluing construction with parameter µ ∈ (C [0,π) ) ξ is a c-plumbing construction with parameter t ∈ H ξ and the parameters are related by:
Proof. First, we want to find a function which maps A into A c and which sends Axis(A ∞ ) to the geodesic {z ∈ C : |z| = e • In the second step, use the map H : A −→ A c defined by
where: -The principal value Log of the complex logarithm (that is, the branch with argument in (−π, π]) maps A into the rectangle R = (−c, c) × (0, π). Note also that H(C(z)) = H(z), so this map extends to a well defined map A −→ A c . Now we can see the relationship between the coordinateẑ and the coordinate z:
Second, we want to find the relationship between the c-gluing parameter µ and the c-plumbing parameter t. The relationẑẑ = exp(iπt)
translates, using (6), to:
Now, we can see that
where the maps T µ and J are defined in Equation (2). On the other hand,
Hence we have that M (z)M (z ) = − exp(−µ), which corresponds, using Equation (7), to exp(iπ − µ) = exp(ct).
This gives the formula we want to prove. 
In [PP98] the authors prove that in the case of the once-punctured torus Σ 1,1 the Fenchel-Nielsen construction corresponds to a c-plumbing construction (and so to a c-gluing construction). That result can be generalized to our setting as well. In Appendix B we will discuss the precise calculations in the case of a once-punctured torus Σ 1,1 (HNN-extension) and of a four-punctured sphere Σ 0,4 (amalgamated free product AFP construction).
Relation to QF(Σ).
In this section, we want to prove the following:
Theorem 3.5. Suppose c ∈ R ξ + and µ ∈ C ξ [0,π) are so that the developing map Dev c,µ associated to the complex projective structure Σ(c, µ) is an embedding, then the holonomy representation ρ c,µ is in QF(Σ) and the holonomy images ρ c,µ (σ i ) of the pants curves are hyperbolic elements with translation length 2c i for i = 1, . . . , ξ.
Proof. Since Dev c,µ is an embedding, then Γ c,µ = ρ c,µ (π 1 (Σ)) is Kleinian, and by construction (see Lemma 3.1) the holonomy images of each curve σ 1 , . . . , σ ξ is hyperbolic with translation length 2c i . In addition, the hypothesis that Dev c,µ is an embedding enforces the hypercycles used in the c-gluing construction to be disjoint. (Note that one can also find precise conditions on the parameters c, µ that imply the same statement, as done in Theorem 4.1 of [PP98] , but in our case it will be much more complicated and we do not think will be particularly useful.) In this situation, we can use Maskit's Combination Theorems [Mas88] to show that Γ c,µ has a fundamental domain with two components and each component glues up to give a surface homeomorphic to Σ, so Γ c,µ is quasi-Fuchsian.
Remark 3.6. We can prove even more, as done in Theorem 4.2 in [PP98] . In the hypothesis of Theorem 3.5 one can see that the support of the pleating locus on the 'bottom' surface is PC and µ corresponds to the complex shear along the pants curves. In this result, it is important that we are bending in the same direction along all the curves, so the result we obtain is convex. Of course all the discussion could be generalized to the case µ ∈ (C (−π,0] ) ξ , where
Limits of c-plumbing structures
In this section we want to prove Theorem A, that is we want to show that, when c tends to 0 = (0, · · · , 0), the c − plumbing construction of Section 3 limits to the gluing construction described in [MS10] . A corollary to Theorem A which follows from the topology on the set of complex projective structure is the following result:
ci , then the sequence of holonomy representations (ρ c,µ ) defined by the c-gluing construction converges to the holonomy representation ρ µ defined by the gluing constriction of [MS10] .
We start by recalling this last construction and then prove the theorem in the following section.
4.1. Maloni and Series' gluing construction. The gluing construction we described in [MS10] is based on Kra's plumbing construction [Kra90] . It describes a projective structure on Σ obtained by gluing triply punctured spheres across their punctures. More precisely, given a pants decomposition P = {P 1 , . . . , P k } on Σ, we fix an identification Φ i : Int(P i ) −→ P of the interior of each pair of pants P i to the standard triply punctured sphere P = H/Γ, where
This identification induces a labelling of the three boundary components of P i as 0, 1, ∞ in some order. We endow P with the projective structure coming from the unique hyperbolic metric on a triply punctured sphere. Figure 4 . The gluing construction from [MS10] in the case = 1 and = 0.
Suppose that the pants P, P ∈ P are adjacent along the pants curve σ and suppose that σ corresponds to ∂ P and ∂ P . The gluing is obtained by deleting open punctured disk neighbourhoods of the two punctures in question and gluing horocyclic annular collars round the resulting boundary curves. The gluing across σ = σ j is described by a parameter µ = µ j ∈ H.
As before, we first describe the gluing when = = ∞. Consider two copies P, P of P. They are both identified with H/Γ. We refer to the copy of H associated to P as H and denote the natural parameters in H and H by z and z respectively. Let π and π be the projections π : H −→ P and π : H −→ P respectively. Let h = h(µ) be the simple loop on P which lifts to the horocycle {z ∈ H| z = µ 2 } on H. Given η > 0, let
be a horizontal strip which projects to an annular neighbourhood A of h ⊂ P. Let S ⊂ P be the surface obtained from P by removing the open horocyclic neighbourhood {z ∈ H | z > µ+η 2 } of ∞. Define h , S and A in a similar way. We will glue S to S by matching A to A so that h is identified to h with orientation reversed, see Figures 4. Let
We glue the strips H to H by identifying z ∈ H to z = T µ J(z) ∈ H . This identification descends to a well defined identification of the annuli A with A , where the 'outer' boundary of A is identified to the 'inner' boundary of A and h is glued to h reversing the orientation.
In the general case, first 'move' and to ∞ using the maps
and then proceed as before. Finally, we perform this construction for each pants curve σ i ∈ PC. In order to do this, we need to ensure that, for every pair of pants P i , the annuli corresponding to the three different punctures are disjoint. We can choose µ i and η so that this is true. This allows us to describe a complex projective structure on the quotient S(µ) = S 1 . . . S k / ∼ (homeomorphic to Σ), where the equivalence relation ∼ is given by the attaching maps along the annuli A i .
4.2.
Proof of Theorem A. We now want to prove Theorem A. We will show that the developing maps Dev c,µ (associated with the complex projective structure Σ(c, µ)) converges locally uniformly to the developing maps Dev µ (associated with Σ(µ)). We identify the universal cover of Σ with the set of homotopy classes of paths on S(c, µ) and S(µ) respectively and then calculate the images of these path by following the recipe described by the gluing construction of [MS10] (see also the next section) and the c-gluing construction described in the previous section. To do this we have to describe the developing image of any path γ on S(µ) and S(c, µ).
Proof of Theorem A. First we show that, when c i1 , c i2 and c i3 tend to 0, the group Γ(c i1 , c i2 , c i3 ) limits to the group Γ = 1 −2 0 1 , 1 0 2 1 in the sense that each generator does: When c i1 tends to 0, then cosh c i1 tends to 1. This shows that the matrix
For describing the other two limits we need to use the Taylor expansion of the hyperbolic functions.
In particular, we use:
We use the symbol ≈ when we mean 'up to terms of lower degree'. Using the Taylor approximations described above and Equation (1), you can see that
2 . Hence, as c i1 , c i2 , c i3 −→ 0, we have that: 
as we wanted to prove. Finally, we need to prove that the gluing maps agree, that is, we need to prove that when c −→ 0 keeping µ = (µ 1 , . . . , µ ξ ) fixed, In the last equality we used the substitution µ = iπ − µc i , coming from our hypothesis, and the formulae:
If you consider the limit when c i −→ 0, we have that
by using the Taylor expansion of the hyperbolic functions sinh and cosh. This shows that
, as we wanted to prove.
In the general case in which , ∈ {0, 1, ∞}, we need to prove that
This can be done by recalling the definition of Ω and the fact that the geodesics Axis (A ) limits to for ∈ {0, 1, ∞}. In fact, the map
is the unique orientation-preserving map from the white hexagon
Axis (A ∞ (c i1 , c i2 , c i3 )). Hence it limits to the unique orientation preserving symmetry of ∆ 0 ⊂ ∆ sending 0 → ∞, that is Ω 0 . Similarly the unique orientation-preserving map
which sends Axis (A 1 (c i2 , c i3 , c i1 ) ) to Axis (A ∞ (c i1 , c i2 , c i3 )) limits to the unique orientation preserving symmetry of ∆ 0 ⊂ ∆ sending 1 → ∞, that is Ω 1 . This concludes the proof that Ω −→ Ω .
Linear and BM-slices
In this section we discuss slices of quasi-Fuchsian space which contain the Kleinian groups defined by the c-gluing construction. The slices generalise the c-slice L c (Σ 1,1 ) of the quasiFuchsian space QF(Σ 1,1 ) for the once punctured torus Σ 1,1 defined and studied by Komori and Yamashita in [KY12] . Given a pants decomposition PC = {σ} of Σ 1,1 and a positive number c ∈ R + , the c-slice L c is defined by
This slice has a special connected component, called the Bers-Maskit slice BM c (Σ), containing the Fuchsian points τ ∈ R. This slice was studied by Komori and Parkkonen [KP07] . See also McMullen [McM98] . The geometric meaning of the Bers-Maskit slice is the following. Remember that every quasi-Fuchsian manifold contains a convex core whose boundary consists of locally convex embedded pleated surfaces. Let pl ± : QF(Σ) −→ ML(Σ) be the map which associates to a quasi-Fuchsian group the bending lamination in the top (pl + ) or bottom (pl − ) component of the boundary of the convex core, and let 
where λ i is the complex length of σ i and τ i is the complex twist, see Section 2.6. We define the c-slice L c to be the set
First, the c-slice has some periodicities and symmetries.
Proposition 5.2. In the c-slice L c (Σ) we have:
Proof. Since we can consider a different marking (in particular a different set of dual curves D), we have the periodicity τ i → τ i + 2c i given by exchanging the dual curve It would be interesting to find the analog of Therem 5.1. Note that the fact that the cardinality of PC is greater than one makes this situation more subtle since one can bend along different pants curves in opposite directions and this implies that the surfaces obtained would not be convex. Note also that the slice L c is a generalisation of the shearing plane E PC,c of Series [Ser12] . One could also define the linear slice as a generalisation of the horoplane H PC,c , where c ∈ R + . In that case,
As discussed in [Ser12, Theorem 7 .3] this definition for L c (Σ) might be too rigid. McMullen discussion on complex earthquakes and earthquake disks might also help in understanding the 'right' definition for these slices. Together with Yamashita, we wrote a computer program which draws these slices L c for different values of the parameter c, see Figure 5 and 7. It is worth noting that this program assumes Bowditch's conjecture is correct; see Conjecture A of [Bow98] . These figures suggest many questions and conjecture about the bahaviour of these slices. For example, Figure 7 shows evidence for the following conjecture. Recall that M tot is the total Maskit slice (defined with respect to the pants decomposition PC).
Conjecture 5.6. Given c 1 , c 2 ∈ R + , we have:
(1) If c 1 c 2 , then BM c2 ⊆ BM c1 . (2) M tot corresponds to ∪ c>0 BM c .
Komori and Yamashita's proofs cover only the case of the once punctured torus Σ 1,1 , but we think that these 'exotic components' are related to the wrapping maps, see [AC96; BH01] , and the obstruction of the existence of these wrapping maps as studied by Evans and Holt [EH08] .
Appendix A. Calculation for the standard pair of pants In Section 5.2 of [Mas01] Maskit describes a group G such that H 2 /G is a three holed sphere with infinite funnel ends such that the length of the three geodesic parallel to the boundary is 2c 1 , 2c 2 and 2c 3 , respectively. In particular, G is generated by A ∞ and A 0 (or, alternatively, the group G has the following presentation G = A ∞ , A 0 , A 1 |A ∞ A 0 A 1 = Id ), where Appendix B. Examples: the case of the once punctured torus and our holed sphere B.1. Once punctured torus: the HNN-extension. When Σ = Σ 1,1 is a once-punctured torus, our construction is based on the description of Parker and Parkkonen [PP98] . Let X be a hyperbolic structure X ∈ T (Σ) on Σ and let σ ⊂ Σ be a simple closed geodesic. Let X 0 be the hyperbolic structure on a once punctured cylinder obtained by cutting X along σ. The two boundary components have the same length, say 2c ∈ R + . We can realise X 0 as a quotient X 0 = H 2 /G 0 , where G 0 = S 1 , S 2 , where: B.2. Four holed sphere: the AFP-construction. We now discuss briefly the case of the four holed sphere Σ = Σ 0,4 , see also Komori [Kom00] . Fix a hyperbolic structure X ∈ T (Σ) on Σ and let σ ⊂ Σ be a simple closed geodesic. Let X 1 and X 2 be the hyperbolic structures on the doubly-punctured disks (obtained by cutting X along σ), where the two boundary components σ 1 ⊂ ∂X 1 and σ 2 ⊂ ∂X 2 have the same length, say 4c ∈ R + . We can realise X 1 as a quotient X 1 = H 2 /G 1 , where G 1 =< V 1 , V 2 >, where correspond to the boundary geodesic of X 1 . A fundamental set F for the action of the group G 1 on H 2 is defined by:
(11) F = {z ∈ H 2 ||z ± C 1 | ≥ R 1 , |z ± C 2 | > R 2 }, where C 1 , C 2 , R 1 , R 2 are defined in Section B.1; see Figure 9 . Note that the geodesic along which we do the gluing, in this case, has double length with respect to the previous case. You can see this easily when you write down a different fundamental set for the action of this group on H 2 :
(12)F = {z ∈ H 2 ||z| ≥ 1, |z ± C 1 | > R 1 , |z ± C 2 | ≥ R 2 },
